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This paper gives an estimate of the least number of weighings by a balance 
sufficient to find, among n coins, three counterfeit coins which are known to be 
heavier than the normal coins. © 1994 Academic Press, Inc. 
Let S be a set of n coins, in which there are m counterfeit coins known 
to be heavier than the normal coins. Denote by gin(n) the least number of 
weighings by a balance to find all the false coins of S. 
It is well known that (see [1])  
gl(n)=[-log3n]. (1) 
For m = 2, Togi6 in [2] proved that 
and when 
n~ iF,/5.3t+ lq, 2.3 t] w [ r~.3t+ 1], 3 ,+J ] 
for each natural number/ ,  then 
In this paper, we deal with the case m = 3. 
To be concise, we first introduce some concepts and symbols. 
I-t], the least integer not less than real number t; 
Ct(X), the number of false coins in the subset X of S; 
X:  Y, a weighing of X against Y; 
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X> Y (or X< Y, X= Y, resp.), X is heavier than, (or lighter than, or 
equal to) Y; 
X> Y- ,P ,  X> Y implies Conclusion P. Similarly, X< Y- ,P  and 
X = Y- ,  P. This is further simplied to ( > ) -,  P, ( < ) --* P, and ( = ) -, P; 
e, a coin or nothing; 
Cost(S), the number of weighings we need to find all the false coins in 
the set S. 
THEOREM 1. 
Proof The left-hand side of (4) is the information-theoretic bound, so 
it suffices to prove the right-hand inequality of (4). We use induction on n. 
Let 
n=2.3  t, 3~2<9,  
where l is a non-negative integer. The proof falls into five cases, depending 
on the value of 2. For l = 0, the result is trivial, in fact, it is not difficult to 
check that g3(n)= [-log3(~)~ for n ~<9, so, we may assume l>~ 1. 
Case I: 3~<2~<3.56. Let S=S1uS2wS3wR , where tS I I= ISz I= 
IS31 =3 t and IR[ ~<0.56 ×3( 
We first weigh $1 : $2, and suppose $1 ~< $2. Then we weigh $1 : $3. If 
$1 = $2 < $3 or $3 = S~ < $2, then by induction 
If $1 < $2 and $1 < $3, then we weigh $2 : $3. $2 = $3 -, Ct(S2) = Ct (S3)  = 
1 and Ct(R)= 1, hence 
Cost(S) ~< 3 + 3/. 
On the other hand, 
[log3 (~) ] /> [log3 (3/3 1)1 
F 3 (1 -~+1) (1  - -~+1) ]  >~ 31 + 1 +/ log3 
>~ 3l+ 1 + log 3 ~ = 3l+ 2, 
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SO 
cost,   ilog3( )l+l 
$2<$3-+Ct($2)= 1, Ct($3)=2, and by using (1) and (3), 
Thus we can suppose $1=$2--$3. Let Si=AiwBiwei, Ai~Bi=~, 
and tAil -- IBi[, i= 1, 2, 3; weigh A1 : B1. 
A 1 >B 1 ~ Ct (A I )  = 1 and Ct(S2)= Ct(S3)= 1, hence 
I Cost(S)~<3+3l~< log3 3 +1. 
Ax =B~ ~Ct(A1) =Ct(B~)=0. Then take e~A~, and weigh A2we2: 
B2we. 
(>)~Ct (A2ue2)= 1, and Ct(el) = 1, Ct(S3)= 1, so 
Cost(S)<~4+l+l<~Ilog3(~)]+l. 
Similarly, 
( < ) ~ Cost(S) ~< 4 + 2I ~< [-log3(~) 7+ 1. 
( = ) ~ Ct(R) = 3, so by induction 
Cost(S) ~< 4 + g3(JR[) 
~<4+ Ilog3 (13 ' ) ]  +2 
n(n~l ) (n -2 )  .] 
1 n 
~6+ Ilog3 (~)-3 log3~] 
This proves (4) in Case I. 
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Case II: 3.56 < 2 ~< 4.5. Let S = S~ ~ $2 ~ $3 w S 4 k.) R ,  where 
f [n/4] for 2~<4, 
IS/I = [3l  for 2>4.  
We first weigh $1 : $2 and $3 : $4. If $1 = $2 and $3 = $4, we weigh $2 : $3. 
$2 = $3 --* Ct(R) = 3, so by induction 
S 2 < S 3 ---r Ct(S3)  = Ct (S4)  = Ct(R) = 1, hence  
Similarly, 
s3 cost,s,.  [log3 ÷ 1 
On the other hand, if S~ < $2 and $3 < $4, then we weigh $2 : $4. 
$2 = $4 ~ Ct(S2) = Ct(S4) = Ct(R), hence 
[ Cost(S) - . .<3+3l~ log3 3 +1.  
S 2 < S 4 --* Ct(S2) = 1, Ct(S4) = 2, so 
Cost(S)<--3+l+2l<.[log3(~)]+l. 
Similarly S 2 > $4 ~ Cost(S) ~< rlog3(~)-] + 1. 
Therefore we can assume that $1 = $2 and $3 < $4. Now we weigh 
S 2 : S 3 . 
S 2 = S 3 --~ Ct(S 4 ~ R) = 3, hence by induction 
$2 < S3 ~ Cost(S) ~< 3 + l+  2l~< [-log3(~)- ] + 1. 
Case I I I: 4.5<2~<5.2. Let S=U~=iSi~R, where 
_ J" [n/5] for 2~<5, l<~i<~5,1RI---n-51Sll. 
ISil - [3t for 2>5,  
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We first weigh $1 : $2 and $3 : $4. Suppose $1 = $2 and $3 = $4. Then we 
weigh $2 : $3. 
$2 = $3 --* Ct(S5 u R) = 3, so by induction 
S 2 < S 3 ---* C t (S3)  = Ct (S4)  = 1, and  Ct(R w $3) = 1, 
If $1 < $2 and $3 < $4, then we weigh $2 : $4. 
S 2 = S 4 ~ Ct(S2) -- C t (S4)  = Ct (S5  ~d R)  = 1, so 
S 2 < 8 4 --4 Ct(S2) = 1, Ct(S4)  = 2, hence 
So without loss of generality we assume that $1 = $2 and $3 < $4. Then we 
weigh $3 u $4 : $1 • $5. 
( < ) ---r C t (S4)  = 1, Ct(Ss) =- 2, hence 
(=)  --* Ct(S~) = Ct(S2) = Ct(S4) = 1, or Ct(S4) = Ct(S5) = Ct(R) = 1. 
The weighing S~ : $5 will determine which of these two cases we are in, so 
(>)~Ct (S3)=I  and Ct ($4)=2,  or C t (Xs )= l  and Ct ($4)=2,  or 
Ct(S4 td R) = 3. 
The weighing $3 :$4  will determine which one of these three cases is 
applicable, so 
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o r  
cost  , 4+g3,  4uR . Ilog3 (;)1+2. 
Case IV: 5.2<2~<6. Let S=U~_ISiwR, where ISil=3 ~, 1~<i~<5. 
We proceed as in the previous case except hat when S1 = $2 and $3 < $4 
we weigh S~ u $2 : $3 u $5. 
( = ) ~ Ct (S  4 w R)  = 3, hence by induction 
( > ) ~ Ct(S1) = Ct(Sa) = Ct(S4) = 1, so' 
Cost(S) ~< 3 + 31 ~< [log3 (~) ] .  
(<)  ~ Ct(S3) = 1 and Ct(S4) = 2, or Ct(S4) = 1, Ct(Ss) = 1, and 
Ct(R) = 1, or Ct(S4) = 1 and Ct(Ss) = 2. 
The additional two weighings $3:$5 and S4:Ss will determine one of 
these three cases, so 
Case V: 6<2<9.  Let S=S~uS2wS3t~S4~R,  where 
[ In/4] for 2~<8, 1 ~<i~<4. 
[Si[ = [2.3 l  for 2>8,  
The investigation of this case is similar to that of Case II. Here we get 
Cost (S)~<max{6+3I , [ log3(~)]  +2} 
= og 3 • 
THEOREM 2. 
31+ 1 7, then 
This completes the proof of the theorem. 
IfnE[3',5.2×3' 1]w[[-~-6.3' + l-],2×3']u[[-~f-~.3'q, 
* For l=  1, 2, the fact that g3(6) = 3, g3(lO)=g3(ll)=g3(12)=5 is available. 
(5) 
Proof 
3t+~]. We use the induction on l. 
Let 
and 
THREE COUNTERFEIT COINS PROBLEMS 99 
We first prove (5) for n E [Fx~" 3z+ 17, 2 x 3 z ] w [[-x~" 3l+ 17, 
n=3k+a, 0~a~2,  
S=S~wS2wS3, [Sil =k or k+ 1, i=  1, 2, 3. 
Without loss generality, we can assume that IS~l = IS21= k or k+ 1. 
We first weigh S~ :$2. 
If $1=$2,  set Si=AiwBiwei, Ai~B~=~, IAz[ = IBil, i=  1,2. 
Next we weigh A1 :B~. A~ >B 1 ~ Ct(A1) = 1, Ct(S2) = 1, and Ct(S3) = 1, 
so 
Cost(S) ~ 2 + g(lA1 I) -I-g(IS2 I) + g(IS31) 
AI=BI-*Ct(A1)=Ct(B1)=O. Then take eo6A1, and weigh A2we 2" 
B 2 w e 0 . 
( = ) ~ Ct(S1) = Ct(S2) = 0, so by induction 
Cost(S) ~< 3 +g3(1S3 ) 
(>)  ~Ct (A2  ue2)= 1, Ct(el) = 1, Ct(S3) = 1, hence 
Cost(S) ~< g(IA2 w e2 I) + g(IS3 P) + 3 
The remaining case is $1 < $2. 
First, we suppose [Sll = IS2] ~ IS3]. 
Take e E $2 and weigh $1 u e : S 3. 
S Iue=S3~Ct(S1)=0.  Then take e lES1,  let 
A 3 n B 3 = ~,  IA31 = ]B 3 I, and weigh A 3 : B 3. 
S3we=A3uB3, where 
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(=)  ~ Ct(S3) =0,  and Ct(S2\{e}) = 3, so, by induction, 
Cost(S) ~< 3 +g3( IS2 I). 
~< [ l°g3 (~) ]  + 1" 
( > ) --* Ct(A3) = 1, Ct(e) = 1, and Ct(S2\{e}) = 1, hence 
Cost(S) ~< 3 + g(IA3 l) +g(lS2\{e}l) 
Slk3e>S3--~Ct(S3)=O. Take eoeS3, let S1ueo=AwB,  Ac~B=~,  
[A[ = ]B[, and weigh A : B. 
(--)--* Ct(S1) =0,  Ct(S2)= 3, and Ct (e )= 1, so 
Cost(S) ~ 3 + g2([$2 [- 1) 
(>)~Ct (A)= 1, Ct(S2)= 2, thus 
Cost(S) ~ 3 + g(IAI) + g2(1S2 l)
[ ~< log3 3 + 1. 
Now suppose ISll = 1S21 > 1S3 [. Then take e e $1, and weigh Sl\{e} : $3. 
( = ) ~ Ct (S l \e )  = Ct(S3) = 0, and Ct(S2 ~ e) = 3, so 
Cost(S) ~< 2 + g3 ( IS2wel)  
( > ) ~ Ct (S l \{e})  = 1, Ct(S2) = 2, so 
Cost(S) ~< 2 + g(IS~ [) + g2(IS2 I) 
( < ) ~ Ct(S1) = 0. Taking e ~ $1,  and third weighing S 3 k.) e : $2. 
(=) ,  impossible. 
( > ) ~ Ct(S3) = 2, Ct(S2) = 1, 
(<)---~ Ct(S3) = 1, Ct(S2) = 2. 
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Hence 
or 
Cost(S) ~< 3 + g2(IS3 [) + g(IS2 I), 
Cost(S) ~< 3 + g(IS3 I) + g2(IS2 [). 
Then by using (3), we get in both cases 
Concerning (5) for n~[3  I, 5 .2x3t-1] ,  it follows directly from the 
discussion of Cases I, II, and III of Theorem 1, noting that at the end of 
Case I, we now know that 
by the proof above. 
This completes the proof of Theorem 2. 
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